We present a new parameterization of the trinucleon wavefunction. As a novel feature a separable parameterization for the complete wavefunction is given. In this way any calculation that considers two body forces only is largely simplified. To demonstrate this we calculate the π 3 He scattering length. PACS: 25.80.Ls, 25.80.Hp, 25.10.+s, 21.45.+v Typeset using REVT E X
I. INTRODUCTION
In spite of the importance of three-and four-nucleon systems as a bridge between the deuteron and heavier nuclei, there is an appalling shortage of serious theoretical work done on meson-nuclear physics with these. One stumbling stone for calculations of meson-nuclear interactions by "intermediate energy physicists" is the need for the three-nucleon Faddeev wave functions of at least 3 He or 3 H, which normally exist in the form of numerical tables computed by a different society, low energy physicists. The need of a more accessible form for nonspecialists was realized a long time ago by Hajduk et al. [1] , who presented the Faddeev amplitudes of the trinucleon wave function for different channels and particle permutations as separable analytical forms. The aim of this work is to improve the parameterization of Ref. [1] in three respects:
• The parameterization is given for trinucleon wave functions derived from two modern nucleon-nucleon interactions, namely the CD Bonn [2] and the Paris potential [3] .
• We give a separable expansion for the full antisymmetrized wave function. Previous works [1] parameterized the Faddeev components only.
• The trinucleon wave function is not separable in all partial waves over the full momentum range. Therefore we include an additional term in the parameterization that allows the inclusion of correlations. Especially for the pair wave functions where the NN pair is in a 3 d 1 state this turns out to be crucial.
In the early 1990's Weinberg showed, that as long as we restrict ourselves to interactions with pions only, three and more body interactions are suppressed. Thus, for those calculations, carried out either in chiral perturbation theory or within a phenomenological approach, all that is needed is an appropriate parameterization of the nuclear wave function, which contains the momentum distribution of one active pair only. All remaining degrees of freedom can be integrated/summed separately. If this parameterization is given for the full antisymmetrized wavefunction, to do the actual calculation of a nuclear matrix element with a two-body operator will be just as complicated as the evaluation of the matrix element on the deuteron. In this paper we demonstrate that this program can be easily carried out on the example of the 3 H wave function. Some basic info about the trinucleon wave function and details of the procedure how the wave function is parametrized by means of simply analytical functions are given in the next section. In the third section the usefulness of the new parameterization is demonstrated by an explicit calculation of the π 3 He scattering length within chiral perturbation theory. The paper ends with a short summary.
II. PARAMETERIZATION OF THE TRINUCLEON WAVE FUNCTION
The full antisymmetric wave function of a three-nucleon system, can be presented as a sum of three different Faddeev components, each corresponding to different particle permutations and projected on a particular set of partial waves [4] :
The individual components read for instance in coordinate space
where r and ρ denote the pair and spectator coordinates, respectively, and the index ν denotes the relevant quantum numbers. In Ref. [1] these Faddeev components where presented in
A parameterization of the individual Faddeev components is still rather clumsy to use in situations where e.g. a two-body operator should act on a term with a "wrong" grouping, i.e. the operator and the pair wave function v(r ij ) do not involve the same particles. However, the action of a two body operator on a completely antisymmetric state does not depend on the particle identifications in the operator. Therefore, we parameterized the total antisymmetrized wave function in terms of pair and spectator coordinates (or momenta) projected on different angular momentum eigenstates. We chose the particle pair (12) 
Here the rρν|r ij ρ k ν ij denote the necessary recoupling coefficients for angular momentum, spin and isospin and the r ij and ρ k are to be expressed in terms of r and ρ [4] . E.g. one finds r 23 = − 1 2 r + 3 2 ρ . Physically one might expect that, if in a bound three-body system either the spectator or the pair is far off-shell, then it would be less likely to find also the other far off-shell. In other words, there should be some kind of correlation between the momenta or the corresponding coordinates, which is not present in the simple product. In short: there is no reason to expect the triton wave function to be separable. We shall allow for such a correlation by using a fit with a sum of two products. Over a large momentum range this seems to give sufficiently accurate results.
In order to get converged results for the trinucleon binding energy and the wave function, in principle, a fairly large number of three-nucleon partial waves is needed [5] . However, most of those partial waves give only a small contribution to the total wave function, cf., e.g., Ref. [6] . Therefore, in the following treatment we shall restrict ourselves to the most important states, i.e. those where the NN pairs are in the singlet spin state 1 s 0 and in the triplet states 3 s 1 or 3 d 1 . In this case the trinucleon wave function ψ ν has only five components whose quantum numbers are summarized in Table I . In line with this restriction we also include only those five components in the evaluation of the total wave function |Ψ according to Eq. (3). The higher partial waves induced by the antisymmetrization have much less weight. We should mention, however, that they still contribute to the overall normalization [7] . But, for convenience, the total wave functions employed in the present work are normalized in such a way that the sum over the five considered channels adds up to unity.
The procedure for the fit is the following. First the full Faddeev wave function (using the CD Bonn [2] and Paris potential [3] ) is obtained numerically in momentum space, taking into account the permutation of the particles (c.f. Eq. (3)), and then projected on the 5 considered partial waves (channels). This gives the "exact" wave functions Ψ ν (p, q) to be fitted in each of the 5 channel considered ( 1 s 0 S, 3 s 1 S, 3 d 1 S, 3 s 1 D and 3 d 1 D, cf. Table I) as functions of the momenta p and q for the pair and the spectator, respectively. Each of these is approximated by a product of functions v ν 1 (p) and w ν 1 (q) given by a five-term expansion of Lorentz functions,
Here for each ν and λ the conditions
are required for convergence in the momentum space and to guarantee regularity in the coordinate space (for D waves more conditions are needed [1, 8] ). We perform a standard χ 2 fit to the total antisymmetrized exact (numerical) three-nucleon wave functions by minimizing the function
Like Hajduk et al. [1] we include the additional weight factor p 2 q 2 , for this factor emphasises more the relevant momentum range. After the first fit where only the term v ν 1 (p)w ν 1 (q) is included an additional product term v ν 2 (p)w ν 2 (q) is fitted to the remaining deviation between this fit and the exact wave function. Thus we have
Note, that the wave functions Ψ ν (p, q) are normalized in the usual way, i.e. ν ∞ 0 dp dq p 2 q 2 |Ψ ν (p, q)| 2 = 1.
In this work we stop after the second term. However, it should be clear that every additional term included systematically improves the fit without influencing the previous terms. We found that the inclusion of two terms is sufficient to reproduce the "exact" wave function well over a reasonably large momentum range. This is illustrated in Fig. 1 , where the one and two term fits are compared to the "exact" wave function in the 3 s 1 S as well as the 3 d 1 S channel for two different spectator momenta. In particular for the 3 d 1 S case the need for a second term is striking. Another way of testing the quality of the analytical parameterization is offered by the probability for the different components of the wave function in the Blatt-Derrick representation. Corresponding results, for the CD Bonn as well as for the Paris potential, are compiled in Table II . Here the apparent non-separability of the 3 d 1 S is reflected in the D-state probability P D . With a single-term fit there is still a significant deviation of the value fitted for the CD Bonn potential (Paris potential) 6.995% (8.319%) from the exact one 7.127% (8.428%), while the two-term fit has essentially converged to the exact result with a significantly better value 7.082% (8.386%), cf Table II. In the coordinate space representation these approximate wave functions will consist of sums of Yukawa functions and (for D waves) their derivatives
with similar expressions for the spectator ρ dependence. As usual, in coordinate space an additional factor of r is included in the definition of the wave functions (V is r times the Fourier transform of v). Table III shows the fit to the wave functions using the CD Bonn potential. It may be noted that there is some freedom in distributing the strength between the pair functions v ν λ and the spectator w ν λ . This freedom is used to present the results in such a normalization that the square of the first term pair function integrates to unity, i.e. ∞ 0 dp p 2 (v ν 1 ) 2 = 1 for each partial wave ν. Table IV gives the parameters of the triton wave function fit for the Paris potential. The parameters are available from the authors by e-mail 1 . Fig. 2 shows the probability distributions (pair correlations)
integrated over the spectator degrees of freedom. For definiteness, these are all normalized to unity. Here, for comparison with the earlier work [1] (dotted line), we also include the fits to the individual Faddeev amplitude (dashed line). As one might expect, these results are rather similar to each other, while the antisymmetrized wave function gives a significantly longer ranged distribution (solid line). It is interesting that the short-range node in the wave functions of Ref. [1] is also present in our single-channel fits but not in the full antisymmetric wave function. For completeness, Table V gives the parameterization fully analogous to Ref.
[1] used to produce the dashed curve. With the exception of the dotted line, the results in this figure are based on the CD Bonn potential.
III. THE π 3 He SCATTERING LENGTH
Now we want to demonstrate the usefulness of the new parameterization by an explicit calculation of the π 3 He scattering length. Since all the complications of having to treat a three nucleon problem were already solved on the level of deriving the wave function parameterization in terms of an active pair and a spectator (c.f. Eq. (3)), the remaining part of the calculation for the scattering length is as complicated as the corresponding calculation for the two nucleon system (cf., e.g., Refs. [9] [10] [11] where the πd scattering length was calculated). In addition, the very simple form of the terms in the separable expansion allows an analytical calculation-the final result can be expressed in terms of incomplete Γ-functions.
At leading and next-to-leading order all that contributes to π 3 He scattering are oneand two-body currents, as illustrated in Fig. 3 . Due to the Goldstone nature of the pions all three-body interactions are suppressed by an additional factor p 2 /Λ 2 , where p denotes the typical momentum of the problem and Λ denotes the chiral symmetry breaking scale (≃ 1 GeV) [12] . It is a straightforward task to express the one body contribution to the scattering length. One gets a (1b)
Here a (+) (a (−) ) denote the isoscalar (isovector) πN scattering length, A is the number of nucleons in the nucleus (here A = 3), α is the charge of the pion in units of e and T 3 denotes the third component of the isospin of the nucleus. Since the interaction is momentum independent, the loops occurring are identical to the expression of the wave function normalization. In contrast to the case of pion scattering on the deuteron, here the isovector piece of the scattering length does contribute and dominates the one body contribution. We thus get for the one body contribution of the scattering of negatively charged pions on 3 He a (1b)
where we used a (−) = 0.125 +0.003 −0.001 fm and a (+) = −0.000 +0.001 −0.003 fm [13] . Now we need to evaluate the matrix element of the wave function with the two-body scattering kernel A( p ′ , p), where p ( p ′ ) denote the relative momentum of the active nucleon pair in the initial (final) state, respectively. Thus, we can write a (2b)
Here we already used the property that the wave function is antisymmetrized. Thus, whichever of the three nucleons is the spectator the result of the matrix element is the same. Therefore, inclusion of all possible pairwise interactions just leads to an overall factor of 3. This factor can be easily generalized to the case of a nucleus composed of A nucleons. Then there is a combinatorial factor which is given by the binomial coefficient A 2 . If we now use the separable form presented in the previous section, we get a (2b)
where
Here λ and λ ′ denote the terms of the separable ansatz, ν ′ as well as ν denote the partial waves for the final and initial state, respectively, and the different state vectors |ν,p contain the relevant spin, isospin and angular momentum components of the corresponding partial wave. For the two body scattering kernel, as shown diagrammatically in Fig. 4 , we use [9] :
where the superscripts a (c) denote the isospin of the incoming (outgoing) pion. It should be stressed that the same kernel was used recently to extract the isoscalar πN scattering length from πd scattering data [9] . Thus-as long as we restrict ourselves to S-waves in the bound state wave functions-all we need to evaluate are the following two integrals
Obviously the inclusion of D waves can be done easily. However, we did not do this here since the formulas become more complicated and, in any case, the contribution due to the D waves should not exceed 10%, which is of the order of the theoretical uncertainty induced by both, the convergence rate of the chiral expansion as well as the model dependence of the scattering length caused by the particular employed nuclear wave function. We find
where we used the incomplete Γ-function defined through Γ(λ, n) = ∞ λ dx 1 x −n−1 exp(−x) [14] . The constant ǫ was introduced to render the integrals finite. Equation (5) leads to an independence of ǫ as long as ǫ is much smaller than any of the m i .
We thus get for the two-body contribution to the π 3 He scattering length a (2b)
Here we used the fact that, as long as we restrict ourselves to S-waves in the bound state wave function, the partial wave of the initial NN pair is equal to that of the outgoing pair. Using the parameters for the two different wave functions as listed in Tables III and IV, Compared to the leading one-body term we thus find reasonable convergence. Also the dependence on the wave function used can be regarded as a higher order effect. It turns out that for the πHe scattering the omission of the second term in the expansion of the wave function (c.f. Eq. (7) leads to a change in the two body contribution of the scattering length by 2% only. Thus, in the energy range relevant for π scattering at threshold, the full wave function is well described by a one term separable form. As indicated in Fig.  1 in reactions with either large momentum transfer or where higher partial waves become relevant, the effect of the second term is expected to be much more pronounced. In a subsequent publication we will study such a reaction, namely π absorption on 3 He [16] .
It is illuminating to compare Eq. (21) with that for the two-body contribution in the case of pion-deuteron scattering. Obviously, in this situation it does not make sense to use two different terms expanded individually (thus the summation on λ and λ ′ disappears). In addition, there is no third particle (thus W νν λ ′ λ = 1). All the rest remains unchanged. If we now use for the deuteron wave function coefficients those of model B of Ref. [15] we reproduce the result obtained in Ref. [9] 2 .
In the present work we do not aim at a highly accurate determination of the π 3 He scattering length, but rather at a demonstration of the usefulness of the new parameterization. However, it should be clear that it is straightforward to improve the calculation. Results to order p 4 for the πd scattering length are given in Ref. [17] that could be used as the basis for an equally accurate calculation for the π 3 He scattering length. Also a calculation of the imaginary part of the scattering length is, in principle, feasible. However, the contributions to the imaginary part are connected to the pion absorption on 3 He, where a different counting scheme needs to be applied to account for the large nucleon momenta in the purely nucleonic intermediate state. For the two-nucleon system this issue is discussed in Ref. [18] .
IV. SUMMARY
In this paper we have given a new parameterization for two different trinucleon wave functions based on modern NN interaction models. Although the procedure is in spirit similar to an earlier work [1] , it extends the single-term separability to two terms allowing some correlation between the two relative momenta (or coordinates) and also approximates directly the full antisymmetrized wave function projected into different partial waves. The former feature might be expected to be useful in phenomena involving high momenta, whereas the latter drastically simplifies calculations involving two-nucleon operators only.
As a demonstration the parameterization is then applied to calculate the π 3 He scattering length. It is seen that also the two-body contribution becomes very easy to compute even analytically. Apparently similar applications are possible also elsewhere. A calculation of quasifree pion absorption on nucleon pairs in 3 He is in progress [16] . TABLES   TABLE I . Quantum numbers of the three-body channels. s, τ , l, and j refer to the spin, isospin, orbital and total angular momentum in the N N subsystem and L and K are the relative orbital angular momentum of the spectator and the so-called channel spin [6] . TABLE III . The parameters a n , b n , m n and M n of the fit for the full antisymmetric three-body wave function with the CD Bonn potential. The parameters a n , b n , m n and M n of the fit for single permutation Faddeev amplitudes for the CD Bonn potential. Here the single permutation normalization integral defined in Ref. [1] is N 2 = ψ(1)|ψ(1) = 0.1597. 
